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ABSTRACT

In a recent paper of the author [8], three new interpolation procedures
for vector-valued functions F(z), where F : C — C¥, were proposed,
and some of their algebraic properties were studied. In the present work,
we concentrate on one of these procedures, denoted IMMPE, and study
its convergence properties when it is applied to meromorphic functions.
We prove de Montessus and Koenig type theorems in the presence of
simple poles when the points of interpolation are chosen appropriately.
We also provide simple closed-form expressions for the error in case the
function F(z) in question is itself a vector-valued rational function whose
denominator polynomial has degree greater than that of the interpolant.

1. Introduction

In a recent work, Sidi [8], we presented three different kinds of vector-valued
rational interpolation procedures. These were modelled after some rational ap-
proximation procedures from Maclaurin series of vector-valued functions devel-
oped in Sidi [6], which in turn had their origin in vector extrapolation methods.
Vector extrapolation methods are used for accelerating the convergence of cer-
tain kinds of vector sequences, such as those produced by fixed-point iterative
methods on linear and nonlinear systems of algebraic equations.
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Some of the algebraic properties of these interpolants have already been men-
tioned in [8]. The study of algebraic properties is continued in another paper [9]
by the author. In the present work, we continue to study one of the three
interpolation procedures that was denoted IMMPE in [8]. In particular, we
concentrate on the convergence properties of IMMPE as it is being applied to
vector-valued meromorphic functions.

In the next section, we provide a brief description of the interpolants that
result from IMMPE. Following this, in Section 3, we derive a closed-form ex-
pression for the error when the function F'(z) being interpolated is rational with
simple poles. The main results of this section are Theorems 3.6 and 3.8. In Sec-
tion 4, we present the assumption we make about the points of interpolation
and its consequences.

Starting with the developments of Section 3, in Sections 5 and 6, we present
a detailed convergence theory, concerning meromorphic vector-valued functions
F(z) with simple poles, for sequences of interpolants whose denominators are
of a fixed degree, while the number of interpolation conditions (i.e., the degree
of the numerators) tends to infinity. This theory provides us with de Montessus
and Koenig type theorems for R, ;(z) as p — oo, while k is held fixed. Section
5 concerns vector-valued rational functions; its main results are Theorems 5.1
and 5.2, which concern the denominators of the IMMPE approximants Ry, 1(z),
and Theorem 5.3, which concerns the convergence of R), x(2), all as p — oco. Sec-
tion 6 concerns general vector-valued meromorphic functions, and its results are
obtained by extending those of Section 5; Theorems 6.2, 6.3, and 6.4, the main
results of this section, are extensions of Theorems 5.1, 5.2, and 5.3, respectively.

Our theory is in the spirit of that given by Saff [4] for the scalar rational inter-
polation problem and by Graves-Morris and Saff [2] for vector-valued rational
interpolants, while the technique used here is analogous to that developed by
Sidi, Ford, and Smith [10] and used by Sidi [5] in the study of Padé approxi-
mants, hence different from that of [4] and [2] . In addition, the technique we
use here enables us to obtain optimally refined results in the form of asymptotic
equalities.

2. Definition and algebraic properties of IMMPE

To set the stage for later developments, and to fix the notation as well, we start
with a brief description of the developments in [8] and [9] that concern IMMPE.
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Let z be a complex variable and let F'(z) be a vector-valued function such
that F : C — CV. Assume that F(z) is defined on a bounded open set Q C C
and consider the problem of interpolating F'(z) at some of the points &1, o, . . .,
in this set. We do not assume that the §; are necessarily distinct. The general
picture is described in the next paragraph.

Let a1, a9, ..., be distinct complex numbers, and let
(2.1) G=&G="=& =a
§T1+1 = §T1+2 == §T1+T2 = a2
67'1+7'2+1 = 57'1+7'2+2 == €7'1+7'2+7'3 =as
and so on.

Let G n(2) be the vector-valued polynomial (of degree at most n —m) that in-
terpolates F(z) at the points &, &mt1, - - -, &n in the generalized Hermite sense.
Thus, in Newtonian form, this polynomial is given as in (see, e.g., Stoer and
Bulirsch [11, Chapter 2] or Atkinson [1, Chapter 3])

(2.2) Gmn(2) =F6m] + Flém, Emt1](z — &m)

+ F[gm;€m+17§m+2](z - Em)(z - §m+1) + -

+ F[&ma&m—i—lv v 7€n](z - §m)(2’ - €m+1) et (Z - é-n—l)-
Here, F[&,&rt1, - -5 &rts] 18 the divided difference of order s of F(z) over the
set of points {&,&r41, - - - s &rts b Obviously, F[&, &q1, - .., &) are all vectors

in CV. Also, F[&,n] = F(&m).
We define the scalar polynomials ¢, ,,(2) via

n

(23)  Ymn(2) = [[(z=&), n=m>1 Ypma(z)=1, m>1

r=m

We also define the vectors Dy, ., via

(24) Dm,n = F[€m7 €7n+17 cee agn]; n Z m.

With this notation, we can rewrite (2.2) in the form

(2.5) Gmn(2) =Y D itm.i1(2).
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The vector-valued rational interpolants to the function F'(z) we developed in
[8] are all of the general form

Upi(z)  Soio€ithri(2) Gipap(2)
(2.6) Ry i(2) = -
' Vo (2) Yot ;(2)

where cg, c1,...,c are, for the time being, arbitrary complex scalars, and p is

an arbitrary integer. Obviously, U, x(#) is a vector-valued polynomial of degree
at most p — 1 and V), x(z) is a scalar polynomial of degree at most k. It is also
clear from (2.6) that k¥ <p— 1.

The following theorem says that, whether the ¢; are distinct or not, R, 1(2)
interpolates F'(z). See [8, Lemmas 2.1 and 2.3].

THEOREM 2.1: Let the vector-valued rational function R, (z) be as in (2.6),
and assume that V, (&) #0,i=1,...,p.

(i) When the & are distinct, Ry (z) interpolates F(z) at the points
&1,&,...,& in the ordinary sense:

(ii) When the & are not necessarily distinct and are ordered as in (2.1),
R, 1(z) interpolates F(z) in the generalized Hermite sense as follows:
Let t and p be the unique integers satisfyingt > 0 and 0 < p < 1,41 for
which p = 22:1 r; + p. Then,

(2.8) R;(fl)c(ai) = F®(a;), for s=0,1,...,r;—1 when i=1,...,t,
and for s=0,1,...,p—1 when i=1t+1.
Of course, when p = 0, there is no interpolation at as41.

Remark: It must be noted that the condition V, (&) #0,i =1,...,p, features
throughout this work. Because k£ < p and because p can be arbitrarily large,
this condition might look too restrictive at first. This is not the case, however.
Indeed, the condition V, (&) # 0, ¢ = 1,...,p, is natural for the following
reason: Normally, we take the points of interpolation & in a set {2 on which
the function F'(z) is regular. If R, (%) is to approximate F'(z), it should also
be a regular function over {2 and hence free of singularities there. Since the
singularities of R, (%) are the zeros of V), 1(z), this implies that V), (=) should
not vanish on Q. (We expect the singularities of Ry ;(z) —the zeros of V), 1.(z)—
to be close to the singularities of F'(z), which are outside the set 2.)
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So far, the ¢; in (2.6) are arbitrary. Of course, the quality of R, x(z) as an
approximation to F'(z) depends very strongly on the choice of the ¢;. Naturally,
the ¢; must depend on F'(z) and on the &. Fixing the integers k and p such
that p > k 4 1, we define the ¢; for IMMPE to be the solution to the system of
equations

k
(29) <Qi,ZCij+17p+1) :0, 1= 1,,]{3, Cr = 1,
7=0

where q1, ..., q, are linearly independent constant vectors in CV. Note that
these equations form the linear system

k
(2.10) Zui,jcj =—uip, i=1,...k =1 ui;= (¢ Djt1,p+1)-
=0

It has been shown in [8] that, provided a unique solution to these equations
exists, Rp 1(z) has a determinantal representation given as in
(2.11)

V1,0(2) G1p(2) ¥1,1(2) Gap(2) -+ Y1k(2) Gry1,p(2)

U1,0 Ui,1 U1,k

U2,0 U2,1 U2,k

Ry (%) P(z) Uk,0 Uk, 1 s Uk, k

,k z = =
! Q(2) Yro(2) Yia(z) - Ye(z)

U1,0 Ui,1 U1,k
u2,0 u21 U2,k
Uk,0 Uk, 1 Uk, k

Here, the numerator determinant P(z) is vector-valued and is defined by its
expansion with respect to its first row. That is, if M is the cofactor of the term
11,(2) in the denominator determinant Q(z), then

_ S50 My j(2) Gy p(2)
Soho M; 4(2)

Note that this determinantal representation has been used throughout [9] ex-

(2.12) Ry 1(2)

tensively. It seems to offer a very effective tool for the study of R, x(2), as we
will see later in this work as well.
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Here is a summary of the results of [9]:

(1) A sufficient condition for the equations in (2.9) to have a unique solution
is that (see [9, Lemma 2.1 and Theorem 2.2])

ur,0 Ui, o Ulk-1
U2,0 U2,1 cc U2Ek—-1

(2.13) . . C 1 #00 wiy = (¢, Djgrpr1)-
Uk,0 Uk1 - Ukk-1

This also guarantees the uniqueness of R, 1(z) provided V, (&) # 0,
i=1,...,p. For (2.13) to be true, it is necessary (but not sufficient) that
the vectors Dy pt1, D2 pt1, ..., D pt1 be linearly independent, just as
41,92, --,qr are. It is shown in [9, Sections 2 and 5] that this holds
when F(z) is a vector-valued rational function of the form

(2.14) F(z) = u(z)+zz(zf7;)j

where u(z) is an arbitrary vector-valued polynomial, the vectors vs; €
(CN, 1 <j<rs, 1 <s <o, are linearly independent, zi,...,2, are
distinet points in C, and k < > 7_, rs < N.

(2) The denominator polynomial V,, j(2) of the IMMPE interpolant R, x(2)
is a symmetric function of all the & used to construct it, namely, of
&,&2,. .., &pt1, while Ry, i (2) itself is a symmetric function of the points
of interpolation, namely, of &1, &2, . . ., &,. That is, R, 1(2) is independent
of the order of the interpolation points &1,...,&,. See [9, Lemma 3.4
and Theorem 3.5].

(3) Under certain conditions, IMMPE produces F'(z) when the latter is a
vector-valued rational function. Specifically, when F(z) = U(z)/V (2),
where U(z) is a vector-valued polynomial of degree at most p — 1
and f/(z) is scalar a polynomial of degree exactly k, there holds
R, 1(z) = F(z) provided (2.13) and V, (&) # 0, 4 = 1,...,p, hold.
See [9, Theorem 4.1].
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3. IMMPE error formula when F(z) is a vector-valued rational func-
tion

We start our study of IMMPE for the case in which the function F(z) is a
vector-valued rational function with simple poles, namely,

7
Vs
3.1 F(z) =
1) ©=2 2 ue)
s=1
where u(z) is an arbitrary vector-valued polynomial, z1,...,z, are distinct
points in the complex plane, and vy,...,v, are linearly independent constant

vectors in CV. Clearly, u < N.

Example: Let A be an N x N matrix and b an N-vector, and consider the
solution to the linear system of equations (I — zA)x = b. This solution is
x = F(z) = (I — zA)7'b and precisely of the form described in (3.1) with
zs # 0,8 = 1,...,u, provided the nonzero eigenvalues of A are nondefective,
that is, they have only corresponding eigenvectors but no principal vectors. In
case A is also nonsingular (hence diagonalizable as well), there holds u(z) =0
and g < N in (3.1); otherwise, u < N and deg(u) + ¢ < N — 1. In addition,
Avg = vs/zs, s = 1,..., 1, in (3.1). To see this, it is sufficient to look at the
following special case.

Denote the eigenvalues of A by A1,...,An, and assume that A\; # 0, i =
1,..., M, are simple and distinct so that there is precisely one eigenvector v;
corresponding to A\; and, in case M < N, \; =0,¢=M +1,..., N, and that
there is only one Jordan block with zero eigenvalue. This means that there
exists an NV X N nonsingular matrix P,

P=vi|va| - |oa|wr|wa] -+ |wag], Mo=N-—M,
and that
A’Ui:)\i’l]i, ’L'Zl,...,M; A’wlzo, Awi:wi_l, ’L':2,...,M0.

Now, b = Zf‘il o + Z;‘i”l B;w;, for some scalars a; and 3;. Next, let us
expand z in terms of the v; and w; in the form z = vail Yiv; + Zf\iﬂ Ow;.
Substituting these expansions in (I — zA)x = b, and equating the coeflicients of
the v; and w; on both sides, we obtain

(I=zX)vi =i, 1<i<M; bpy = By, 6 = Bit20ip1, 1<0< My—1.
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Solving these equations, we see that v; = «;/(1 — z);), 1 < i < M, and that
d; is a polynomial in z of degree at most My — . We also see that z, = 1/,
in (3.1), and that deg(u) < My — 1. When M = N, hence all eigenvalues are
nonzero, we have u(z) = 0.

The truth of the assertion that F(z) = (I — zA)~'b is as in (3.1) also in the
general case can now be shown in exactly the same way.

We now develop some technical tools that we will use throughout this work.
The next lemma was stated and proved as Lemma A.1 in [10].

LeEmMA 3.1: Let ig,41,...,ix be positive integers, and assume that the scalars
Vig,ir,....ir, ale odd under an interchange of any two of the indices i, i1, . .., k.
Let t; j, 4,7 > 1, be scalars and let o;, 1 > 1 be all scalars or vectors. Define

N N N k
Iy, n = E E E O—i0<Htip7p>vi07il1---vik
p=1

io=lii=1  ir=1
and
O—io Uil [N O—ik
iy tign - Ly
TN = > R I K
1<ip<i1 <--<ig <N | : :
tivk tiok - ligk
Then
I n = Jik,N.

The next lemma is Lemma 1.2 in [7].

LEMMA 3.2: Let Q;(z) = Z§:o aijz?, with az; # 0, i = 0,1,...,n, and let
xz;, © =0,1,...,n, be arbitrary complex numbers. Then

Qo(xo) Qol(x1) -+ Qolzy)

Qi(ro) Qi(z1) - Qi(xn) "
(3.2) . : = (Haii)V(xo,xl,...,acn),
: i=0

Qn(wo) Qn(z1) -+ Qn(xn)

where V (20,21, ...,2n) = [[g<;<j<n(¥j — xi) is a Vandermonde determinant.
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LEMMA 3.3: Let wq(2) = (z—a)~ . Then, wy[&m, - - -, &), the divided difference
of wy(z) over the set of points {&p,, ..., &}, is given by

1 — Y1,m-1(a)
wnb,n(a) 1/}1,n (a’)

This is true whether the &; are distinct or not.

(33) wa[§m7~-~7§n] = -

Proof. When the &; are distinct, the truth of the assertion in (3.3) can be shown
by induction using the recursion relation satisfied by divided differences, namely,

(3.4)

H[§T7 §r+17 o 7§r+s] _ H[§T7 §T+17 oo agTJrS*l] - H[&“Jrlﬂ §T+25 cee aETJrS]

67' - €7'+s ’
r=12..., s=1,2,...,
with the initial conditions
(35) H[&“]:H(Sr)a 7’:1,2,... .
In case the & are not distinct, we invoke the fact that, if H(z) is continuously
differentiable n —m+ 1 times in a domain containing the set {&,, ..., &, }, then
H[¢,, ..., &) is a continuous function of these &;. |

LEMMA 3.4: Let F(z) be given as in (3.1). Let n —m > deg(u). Then, the
following are true:

(1) Din = Flém,---,&n] Is given as in

m

o '(/}1 m—1 Zé
(36) Dm,n o ; wnb n(zé Z ’djl n Zs .

Therefore, we also have

— _ % wlm 1(26) _
(37) (Qz; 7an = Z 'l/)mn Zs = _Z m7 Qs = (qiavs).

s=1

(i) F(z2) — Gmn(2) = Yman(2)F[2,&m, - - ., &) is given as in

1/}1 m— 1(25) Us
3.8 F(z)—- G, man ( es(z ;oes(z) = .
(38) ()= Gmal2) =¥ Z P ) = 7
This is true whether the &; are distinct or not.
Proof. The result follows from Lemma 3.3 and from the fact that u[&,, ..., &,] =

0 and u[z,&m, - .., &) = 0 because u(z) is a polynomial and n —m > deg(u).
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The next lemma, whose proof we leave to the reader, gives the determinant

representation of F'(z) — Ry x(2), and we will be analyzing it in the sequel.

LEMMA 3.5: Let

(3.9)

Aj(2) = 1, (2) [F(2) = Gir1(2)],

i=0,1,....

Then the error in Ry ;(z) has the determinantal representation

(3.10)

F(z) = Bpi(2) = A(2)/Q(2),

where Q(z) is the denominator determinant in (2.11) and

Ao(z) Ai(z) Ag(2)
U1,0 U1,1 U1,k
(3.11) A(z) =| uzo0 U2 U2,k
UE,0 Uk,1 Uk, k

3.1. ALGEBRAIC STRUCTURE OF Q(z). We start with the analysis of Q(z), the
denominator determinant of Ry, x(z) in (2.11). The following theorem gives a
closed form expression for Q(z) in simple terms.

THEOREM 3.6: Let F(z) be the vector-valued rational function in (3.1), and
precisely as described in the first paragraph of this section, with the notation
therein. With o s as in (3.7), define

1,59 sy 1,5
(3-12) Tsl,...,sk _ Q25 Q2s, a2 s
Qk.s; Ak sy . s,
Let also
(3.13) ‘I’p(z) = ¢1,p+1(2’)-

Then, with p > k + deg(u),
(3.14)

Qz) = (-1)* >

1<s1<852< <5, <

Tsl,...,skv(z7 28152527 ce
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Proof. Taking p > k + deg(u), and invoking Lemma 3.4 in the determinant
Q(z), we first have

z
(3.15) wiy = (¢i, Djs1p41) = Za“wm;)
s=1 s

Thus
Q(z) =
P1,0(2) Y1,1(2) V1.k(2)
Z a7 s "/)1 0 ZZ:I) Z Qa5 dl};;(iiil)) i Z Qa5 1/)1 k Zisll))
1/)1 Y1,0(2s,) : P1,1(2s,) 1/)1 Y1k(2ss)
S IR Y I =

1/)1 Y1,0(2s,) Y1,1(2s,) 1/)1 Y1,e(2s)
Z o Zsk) %: " \ij(zﬁ‘lc) Z o ZSlc)
Because determinants are multilinear in their rows (and columns), we can take
the summations outside. Following that, we take out the common factors from

each row of the remaining determinant. We obtain

-1

DFY S Y <Haz > Uf[qup(zsi)] X (2, sy, Zsns s 261 )1

S1 S2 Sk

where

Y1,0W0) Y11(yo) - Y1k(Yo)

1/11,0(%) 1/)1,1(%) 7/11,k(yk)

Now, since 91 ,(z) is a monic polynomial in z of degree r, Lemma 3.2 applies,
and we also have

n

(3.17) XWo,yts->yn) = Vo, v, --wm) =[] (w5 —wi)s

0<i<j<n
is the Vandermonde determinant. Since the product

-1

k
[H\I/p(zsi)} X (2, 251y Zsgs -3 2sy)
i=1
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is odd under an interchange of any two of the indices si,..., sk, Lemma 3.1
applies, and we obtain the result in (3.14). |

3.2. ALGEBRAIC STRUCTURE OF A(z). We now turn to A(z), the numerator
determinant of F(z) — R, x(2) in Lemma 3.5.

THEOREM 3.7: Let F(z) be the vector-valued rational function in (3.1), and
precisely as described in the first paragraph of this section, with the notation
therein. With o, s and es(z) as in (3.7) and (3.8), respectively, define

(3.18) e (2) = es(2)(25 — Epr)
and
dle) @ o @)
a1, s Q1,5 s 1,5y,
(3.19) 5)((1)0,)&1, o (2) = | Q250 R
ak‘,su ak,sl e ak7sk

Then, with U,(z) as in (3.13), and with p > k + deg(u), we have
(3.20)

A(z) =(=1)"41,(2)
k
x Z 5(0p,)51, ,5k(z)v(25072517"';Zsk)x |:H \IIP(ZSI):|
=0

1<sp<s1< - <5<

-1

Proof. Taking p > k+deg(u), and invoking Lemma 3.4 in the determinant A(z)
of Lemma 3.5, we first have

m
(3.21) Aj(z) =1 p(2)Fl2, €41, ., &p) = Y1 p(2 Z zid y
— »(

in addition to (3.15). Substituting (3.21) and (3.15) in (3.11), and factoring out
11,p(2) from the first row, we thus have

(3.22) A(z) = (=), ()W (2),

where
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(3.23) W(z)=

WO TR - TRERE

N wl P1.0(zs1) N wl Yia(zs) N 1/}1 Y1.k(2s1)

Z P, (2, Z P, (2, Z P, ()

wl 0(252) wl 1 252) L o '(/}1 k ng)

Z “0 W () Z “ W () Z 20 (2,)

wl O(Zsk) "l}l 1 Zsk) . o "l}l k Zsk)

Z oo (Zék) Z oo ch) Z B Zsk)

Proceeding as in the proof of Theorem 3.6, we first take the summations outside.
Following that, we take out the common factors from each row of the remaining
determinant. We obtain

-1

=y >y Ee (Ha)[]i\pp(z)} X (a9, 21+ 251,

S0 S1

with X (yo, 1, Y2, - - -, yn) as given in (3.16). Since the product

k -1
|:H\IIP(257):| X(28052817---7zsk)
=0

is odd under an interchange of any two of the indices sg, s1, ..., s, Lemma 3.1
applies. Finally, invoking also (3.17), we obtain the result in (3.20). |

3.3. ALGEBRAIC STRUCTURE OF R, 1(2). Finally, combining (3.14) and (3.20)
n (3.10), we obtain a simple and elegant expression for F'(z) — R, k(). This is
the subject of the following theorem.

THEOREM 3.8: For the error in Ry ;(z), with p > k + deg(u), we have the
closed-form expression

(3.24) F(2) — Rp(z) = t1,p(2)
k -1
Z ng(;)n)sl ..... Sk (Z)V(ZSO,ZSI,.. -,Zsk)[]:[\llp(zsi)}

% 1<sp<s1< <5 <p

k -1
Z Tsy 50,050V (2, 2515 Zogy - 3 Zs5) [H \I/p(zéq)}

1<s1<s2< <5, <
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Remark: When k = p in Theorem 3.8, the summation in the numerator on the
right-hand side of (3.24) is empty. Thus, this theorem provides an independent
proof of the reproducing property of IMMPE.

4. Preliminaries for convergence theory

Let E be a closed and bounded set in the z-plane, whose complement K, in-

cluding the point at infinity, has a classical Green’s function g(z) with a pole at

infinity, which is continuous on 0F, the boundary of E, and is zero on 0F. For

each o, let T, be the locus g(z) = logo, and let E, denote the interior of T',.

Then, E is the interior of F and, for 1 < o < ¢’, there holds E C E, C E,.
For each p € {1,2,...}, let

(4.1) Ep = {7, e, el

be the set of interpolation points used in constructing the IMMPE interpolant
R, 1(z). Assume that the sets =, are such that fi(p) have no limits points in K

and
p+1 1/p
(42) dim [T =€) =rb) s =cap(B), B(z) = explo(2))

uniformly in z on every compact subset of K, where cap(E) is the logarithmic
capacity of E defined by

cap (E) = lim ( mgl maé(|r(z)|)1/n; Py = {r(z) : r € II, and monic}.

n—oo reP, ze

Such sequences {f;p),fép), e ,fz(ﬁ)l}, p=1,2,..., exist, see Walsh [12, p. 74].
Note that, in terms of ®(z), the locus I', is defined by ®(z) = o for o > 1,
while OF = T'; is simply the locus ®(z) = 1.

Recalling that [[7*) (z - Ei(p)) = U,(z) (see (3.13)), we can write (4.2) also
as

(4.3) lim |0, ()" = k®(2),

p—00
uniformly in z on every compact subset of K.
It is clear that if 2/ € T'y» and 2’ € T'yr and 1 < 0/ < ¢, then ®(2') < ®(2").

LEMMA 4.1: Let K' be a compact subset of K. Then, for every ¢ > 0, there
exists an integer py depending only on €, such that
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(44) [(1—e)r®(2)]" < [Vp(2)| < [(1 + €)rd(2)]",
for all z € K’ and for all p > py.

Proof. Since (4.3) holds uniformly in K, for every e > 0, there is an integer pg
independent of z € K’, such that

1/
“I’p(z)‘ !
kD (2)
From this, the result in (4.4) follows. |

— 1‘ <e€, forevery p > pg.

LEMMA 4.2: For every € > 0, there is an integer py depending only on €, such
that

(4.5) |U,(2)] < [(1+€)k]”, forall z € E and for all p > py.
As a result, we also have that
(4.6) lim sup ‘\I/p(z)yl/p <k forallze E.

p—oo

Proof. For all z € E and every o > 1, by the maximum modulus theorem, there
exists z* € I',, such that

[Ty (2)] < [Tp(27)].
Next, by the preceding lemma, given € > 0, there exists an integer py depending
only on €, such that

10, (=) < [1+¢/(2+ )] k®(z") = [1 + /(2 + )] o,

Now, choose 0 = 1 + €¢/2, and note that, as ¢ — 0, the curve I', belongs to a
fixed compact subset K’ of K. This results in (4.5), from which (4.6) follows
immediately. ]

LEMMA 4.3: Let (i) 2/,2" € K and ®(2') < ®(2"), or (ii) 2z’ € F and 2" € K.
Then

R A CON R HED) .
(4.7 plggo ’\I/p =0 = B, () <1, case (i).
) \I/p Z/) 1/p 1
(4.8) h;llj;p ’ () < ) <1, case (i)
In both cases,
lI/ /
(4.9) im —2() g
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Proof. For € > 0 arbitrary, it follows from Lemma 4.1 that, when 2/, 2" € K,

there exists an integer pg, such that
9, _ [+ e
}\Ilp(z”)| (1 —e)®(2")

Now, by the assumption that ®(z’) < ®(z”), it is clear that we can choose e

P
} ,  for all p > po.

small enough to ensure
(1 +)P(2)
(1 —€)@(=")
The result of case (i) now follows. The result of case (ii) follows by invoking

<1.

Lemma 4.2 and proceeding similarly. ]

5. Convergence theory for vector-valued rational F(z) with simple
poles

In this section, we provide a convergence theory, in case F(z) is a vector-valued
rational function with simple poles as in (3.1), for the sequences {R; x(2)}24
with & < p and fixed. (Note that by the reproducing property mentioned in
Section 1, for k = p, Ry x(2) = F(z) for all p > pg, where pg — 1 is the degree
of the numerator of F(z).) Also, as we will let p — oo in our analysis, the
condition that p > k + deg(u) is satisfied for all large p.

We continue to use the notation of the preceding sections. We now turn to
F(z) in (3.1). We assume that F'(z) is analytic in E. This implies that its poles
Z1,...,%, are all in K. Now we order the poles of F(z) such that

(5.1) B(21) < B(22) < -+ < B(2,).

By Lemma 4.3, if 2z’ and z” are two different poles of F(z), and ®(2') < ®(z"),
then 2z’ and 2" lie on two different loci I',» and I'ys. In addition, ¢’ < ¢”, that
is, the set E, is in the interior of E ..

5.1. CONVERGENCE ANALYSIS FOR V), (z). We now state a Koenig-type con-
vergence theorem for V, 1(2)(z) and another theorem concerning its zeros.
These results are analogous to, and in the spirit of, the ones given in Sidi
[5] for denominators of Padé approximants. We remind the reader that the g;
are as in (2.9), and the v; are as in (3.1).

THEOREM 5.1: Assume

(5.2) () < B(2i) = - = B(2usr) < Dzrsrin),
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in addition to (5.1). In case k +r = p, we define ®(zj4r41) = 00. Assume also
that

(Q1,U1) (Q1,Uk)
(5.3) T,..e=| L | #0.
(qk;v1) -+ (qksvk)
Then, there holds

(54) Qz) = (=1 xV(z,21,- ... 2) [f[‘llp(zz‘)} B [1 + O(Mﬂ

i=1 \Ilp,k
as p — oo,
uniformly in every compact subset of C\ {z1, 22, ..., 2}, where
(5.5) |y k| = i |y (2h44)]-

Thus, with the normalization that c, = 1, and letting

k

(5.6) S(z) =[]z - =),

i=1
there holds

R
(5.7) Voiu(2) — S(z) = O( f(zk)) as p — 0o,
Uy i
from which we also have
. 1/p P (2)

5.8 lims Vor(z)— S(z < .
(535) msup |Vyx(2) = 5(2)] 7 < g

Proof. By (5.1) and (5.2) and Lemma 4.3, the largest term in (3.14) as p — o
is that with the indices (s1,...,sk) = (1,...,k). The next largest terms are
those with (s1,...,sx) = (1,...,k—=1,k+j), 1 < j < r. Obviously, we have
limy— 00 [\Ilp(zk)/ilp,k} = 0. This completes the proof of (5.4). The proof of
(5.7) can be achieved by noting that

k
(5.9) V(z, 21, 26) = (=1)*V(21,..., 2) H(z - z).

The proof of (5.8) follows from (5.7) and (4.3). |
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Theorem 5.1 implies that V, (z) has precisely k zeros that tend to those
of S(z). Let us denote the zeros of V), x(z) by 2P m = 1,...,k. Then
limy, z,(ff) = Zm, m = 1,... k. In the next theorem, we provide the rate

of convergence of each of these zeros.

THEOREM 5.2: Under the conditions of Theorem 5.1, there holds

Uy (2m

(5.10) 22— 2, O<ﬁ> as p — 0o,
Uy i
with ‘I’p,k as in (5.5). From this, it follows that
D (2,
(5.11) 1imsup|z7(7§)—zm‘1/p§ ﬂ, m=1,...,k.
p—oo P (2k41)
In case r =1 in (5.2), that is,

(5.12) D(z) < P(zk11) < P(2kt2),
and assuming that T, m—1.m+1,....k+1 7 0, we have the more refined result

Uy (2m
(5.13) 2P gy~ Cmﬂ as p — 0o,

Uy (zkt1)

T b z — 2z
Cm — (-1 k—m<1,..., m—1m+1,..., k+1 — k+1 i )
( ) T17~~~,k (ZkJrl ‘ ) 11;[1 Zm T %
i#=m
Proof. First, we have
@
0= Vpr(z)) = Vps(2m) +/ k(1) dt,

where the integral is over the directed line segment from z,, to z,(,]f). Hence,
P)

e
0= Vo) + Vyalom) 52 =) +es el = [ (V30 = V(o) .

m
Because lim,_, o zr(f ) — Zm, and {V}, k(2) }5<0 is a uniformly convergent sequence

of polynomials of degree k, we have that 6571;) = O(|z,(,]f) fzm|2) as p — o0o. Next,

Vi (2m)
‘/;,k(27”) + 65711))/(27(5) — an)

A

Finally, because

lim z?) = z,, lim Vor(zm) #0, and  lim eP /P — z,) = 0,
p—oo p—oo P p—oo
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we also have the asymptotic equality

_ V;),k (an)
Vpso(Zm)

Since Q(z) in (2.11) is a constant multiple of V}, (z), this asymptotic equality

(514) Z(p) — Zm

" as p — 00.

can be rewritten as in

(5.15) 2P~ — Qzm) as p — 0o.

By (3.14),

k —1
(516 Q) =D Y TW[HWH]

1<s1<52< <5, <

d
(m) _
Ay s0pese — dZV(Z,Zsl,ZSZ,...,ZSk) o

Proceeding as in the proof of Theorem 5.1, we see that, because
k

o™ = DV ez [ (e — i) #0,
=1

the dominant term as p — oo in the summation of (5.16) is that with
(s1,...y8k) = (1,...,k), the rest of the terms being negligible. Therefore,
Q' (zm) satisfies the asymptotic equality

k -1
(5'17) Ql(zm) ~ (_1)kT1,...,ka§T)"k |:H \Ilp(zl)] as p — 0.
Setting z = zy, in (3.14), and recalling that V (yo,y1, ..., yx) vanishes when any
two of the y; are equal, we have

(5.18)
k

~1
Q(zm) = (—1)F Z Tsl,...,skV(Zm,Zsl,st---,Zsk)[H‘I’p(Zs,-,)} .

1<s1< <5 <p =1
S1yeees Sk#EM

The dominant terms in this summation are those with
($15.ysk)=(1,...,m—=1,m+1,....kk+7j), 1<j<r,
the rest of the terms being negligible. Thus,

(5.19) Qzm) = O<[f[1 \pp(zi)} - ‘I’\%(::L)) as p — 0.
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Combining (5.17) and (5.19) in (5.15), we obtain (5.10). The result in (5.11)
follows from (5.10) and (4.3).
In case r = 1, taking only the term with

(s1,.-y86)=(1,....om—1m+1,....k,k+1),

in (5.18), we have the asymptotic equality

(520) Q(Zm) ~ (71)kT1 777 m—1,m+1,..., k+1V(Zm,Zl,...,Zm,1,2m+1,...,zk+1)
k -1
U, (2m)
X W, (z; — P as p — oo.
Ll:[l #l )} U (arn) T

The result in (5.13) is now obtained by combining (5.17) and (5.20) in (5.15),
and by invoking
V(Znu ZlyeeeyBm—1y2m+1s---y Zk-l—l)

= (—1)m71V(Zl, ey Zk+1)-

= (=)™ V(21,0 2) H(zk+1 —z). 1

i=1

5.2. CONVERGENCE ANALYSIS FOR R, 1(z). We now continue to the analysis
of F(z) — Ry (%), as p — oo. Throughout the rest of this work, ||Y|| denotes
the vector norm of Y € CV.

THEOREM 5.3: Under the conditions of Theorem 5.1, R, i(z) exists and is
unique and satisfies

v
(5.21) F(z) — Rpr(z) = O(ﬁ) as p — 0o,
W, k
uniformly on every compact subset of C\ {z1,...,z,}, with \f/pyk as defined in
(5.5). From this, it also follows that
. 1/p ®(2) 7
(5.22) limsup||F(z) — Rpx(2)|| " < ==, ze€ K=K\ {z1,...,2.},
p—oo P(z141)

uniformly on each compact subset of K , and

1

—, zZE€EEFE,
P(2k+1)

(5.23) limsup || F(z) — Ry (2)[|'” <

p—
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uniformly on E. Ihus, uniform convergence takes place for z in any compact
subset of the set Ky, where
K, = int Ty, \{z1,-.-,2t}; ok = P(2k41)-
When r =1 in (5.2), that is, when
(5.24) D(zr) < P(2zk41) < P(2k42),
and fl(p)k+1(z) # 0 in addition to (5.3), we have the more refined result

(5.25) F(2) — Ry (z) ~ Bp(z)% as p — 0o,

f1(1)) k+1(2) k 2k+1 — Zi
By(z) = (1) = ][22
i=1 v

and By(z) is bounded for all large p.

Proof. We have already analyzed Q(z) in Theorem 5.1 and obtained the result
in (5.4), from which we also have the asymptotic equality

k -1
(5.26) Q) ~ (=T xVi(z,21,...,21) {H \I/p(zi)] as p — 00

that holds uniformly in every compact subset of C\ {z1,...,2,}. This shows
that, for all large p, V, x(2) is such that V, (&) # 0, for i = 1,...,p, and that
the condition in (2.13) is satisfied because

ui,0 Ui, o ULE-1
U2,0 U221 U E-1

= (=1)*FQW(2)/kY,
Uko Uk1 - Ukk-—1

and that, by (5.26),

k -1
QW (2) ~ KTy, kV(21,...,21) {H \I/p(zl)} #0 asp— oo.
i=1

Under these, R, (z) exists and is unique, as mentioned in Section 2.
To complete the proof, we need to analyze the asymptotic behavior of A(z).
From (3.20) in Theorem 3.7, arguing as before, we have that the dominant terms
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in the summation in (3.20) are those having indices
(80781,...,Sk):(1,...,k,kj+j), 1<5<.

The rest of the terms are negligible by Lemma 4.3. Thus,

. T 1(2)
(5.27) Az) = O( {H \I/p(zi)} #) as p — 0.
i=1 Yp.k
This also holds uniformly in every compact subset of K \ {z1,...,2,} because,
on account of the fact that

&P (2) = vs(zs — €R) /(2 — 25),

fs(f,)sh,,,,sk (z) are analytic in these subsets and are also bounded for all large p
since the §i(p) are bounded for all large p. Combining (5.26) and (5.27) in (3.10),
we obtain (5.21). The result in (5.22) follows from (5.21).

In case r = 1, there is only one dominant term in the summation of (3.20),
namely, the one with (sg, s1,...,sk) = (1,...,k 4+ 1). Thus, A(z) satisfies the
asymptotic equality

EERER)

k41 1
(5.28) A(z) ~ (fl)kwl,p(z)fl(p) ep1 DV (21,00 2041) { H \Ilp(zi):|

as p — o0.

Combining (5.26) and (5.28) in (3.10), we obtain (5.25). |

6. Convergence theory for meromorphic F(z) with simple poles

gp), . ,51(7121} be as in the preceding sec-

Let the sets of interpolation points {£
tion. We now turn to the convergence analysis of Ry, x(2) as p — oo, when the
function F(z) is analytic in E and meromorphic in E, = intl',, where I'y, as
before, is the locus ®(z) = p for some p > 1. Assume that F(z) has p simple

poles z1,..., %2, in E,. Thus, F(z) has the following form:

(6.1) F(z) =Y —— +0(2),

©(z) being analytic in E,,.
The treatment of this case is based entirely on that of the preceding section,
the differences being minor. Note that the polynomial u(z) of (3.1) is now
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replaced by O(z) in (6.1). Previously, we had u[&,,...,&,] = 0 for all large
n —m, as a consequence of which, we had (3.15) for u; ; and (3.21) for A;(z).
Instead of these, we now have

" ¥1,5(zs)
(62) Uq,5 = — ;ai,s \I/;,(ZS) + (qi7 ®[£j+17 cee a§p+1])7

with a; s as in (3.8), and

63)  Ay(e) = duyls (Z 6 o),

s=1 p Zs)

with ) (2) as in (3.18).

It is clear that the treatment of the general meromorphic F(z) will be the
same as that of the rational F'(z) provided the contributions from ©(z) to u; ;
and A;(z), as p — oo, are negligible compared to the rest of the terms in (6.2)
and (6.3). We explore this point next.

LEMMA 6.1: With F(z) as in the first paragraph, there holds

(6.4) limsupH@[fj(-Tl,... (p) Hl/p< 1/(kp).
p—00

There also holds

(6.5) limsup ||O)]z, j+1,...,§é”)]H1/p < 1/(kp),
p—r00

uniformly in every compact subset of E,,.

Proof. Let p1, p2 be arbitrary numbers satisfying 1 < ps < p1 < p. For 1 =1,2,
denote by C; the locus T'), (i.e., ®(z) = p;), and let S; be the closure of the
interior of C;. Thus, the closed curves C, Cs,I', have no common points, and
Sy C S1 C S. Clearly, O(z) is analytic in S; and Ss. Since the §§p) do not have
a limit point in K, from Hermite’s formula, we have that

(») () 1 0(¢) 1 [ 413(0)0(C)
O, = fnpﬂ P)dCTm?{de
Cy

i= ]+1( p

for all large p. Therefore,

[CIRNA H_Zﬁf””’“ <| M.
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Here, we have used the fact that (see, for example, Ortega [3, pp. 142-143])

| [ #oad < [ e

when H(() is a vector-valued function continuous on C;. Now, from Lemma
4.1, we know that given € > 0, there exists an integer py independent of (
such that, for all p > po, there holds |¥,(¢)| > [(1 — €)x®(¢)]P. In addition,
®(¢) = p1 on Cy. Therefore,

A(P)
He[ffj(-]fp-- || < —T)m] A§-”’ = 2116%%”1#1,]‘(0@(0”,

where L is the length of C;. Now, because j7 < k and k is fixed, A;p ) are
bounded in p. As a result,

1/p 1
1 o1&, ... _
III)ILSUPH ]+1’ p+1 I < /ipl(lfe)
Since € > 0 and p; < p are arbitrary, the result in (6.4) now follows.
To prove (6.5), we proceed similarly. Taking z € Sy, Hermite’s formula now

1 e(¢) dg
O]z, ,...,f N=_—
jH 27”;1{ ?:j-i—l(( - fi(p)) -z

(¢ —€X))91,5(¢) O(C)
27T10 (C—2) \IIP(C)

1

reads

d¢

for all large p. Proceeding exactly as before, and using the fact that

d= min |(—z| >0,
ZGSQ,CGCl
we obtain
(p)
L B
|00 e, W < LB
27d [(1 — €)kp1]P
BY = max (¢ = €2 (0 0()-
The rest is as before. |
What we have shown in Lemma 6.1 is that the term (qz, [§(+1, ey z(fjr)l])

(6.2) and the term 91 ,(2)O]z, 5](&)1, . )51()17)] in (6.3) are indeed asymptotically

smaller than the rest of the terms. With this information, we can now prove
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the following theorems for general meromorphic F(z). We recall that the poles
21,...,%u of F(z) are ordered such that

(6.6) D(21) < P(z9) <--- < D(z,) < p.

We also adopt the notation of Theorems 5.1, 5.2, and 5.3.

THEOREM 6.2: (i) When k < u, assume that

D(2ptr1) kT <up,

(6.7) (I)(Zk) < ‘I)(Zk.H) =..-= (I)(Zk+7-) < .
p ifk+r=upu,
in addition to (6.6). Assume also that
(q1,v1) -+ (q1,vk)
(6.8) Ti..x=| L #0.
(gk;v1) -+ (qksvk)
Then, all the results of Theorem 5.1 hold.
(ii) When k = p,
. 1
(6.9) limsup [Vpx(2) — S(z)| < D(z)/p.
p—o0
uniformly on every compact subset of C\ {z1,...,2,}.

Theorem 6.2 implies that V), 1(z) has precisely k zeros that tend to those
of S(z). Let us denote the zeros of V, x(z) by 2% m = 1,...,k Then
limp_. oo 27(5) = Zm, m = 1,...,k. In the next theorem, we provide the rate

of convergence of each of these zeros.

THEOREM 6.3: Assume the conditions of Theorem 5.2.
(i) When k < p, all the results of Theorem 5.2 hold.
(i) When k = p,

(6.10) limsup |25 — 2|7 < @(zm)/py m=1,... .k

p— 00

THEOREM 6.4: Assume the conditions of Theorem 5.3. Then R, ;(z) exists

and is unique.

(i) When k < p, all the results of Theorem 5.3 hold with

K=E,\{z1,...,2.}.
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(i) When k = p, there holds

(6.11) limsup||F(z) — Rpi(2)]|/" < ®(2)/p, 2€ K =E,\{z1,..., 2.},
p—o0

uniformly on each compact subset of K , and

(6.12) limsup || F(z) — Rp7k(z)H1/p <1/p, z€E,
p—00

uniformly on E.
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